ABSTRACT. In this paper we prove a formula, much in the spirit of one due to Rubin, which expresses the leading coefficients of various p-adic L-functions in the presence of an exceptional zero in terms of Nekovář's p-adic height pairings on his extended Selmer groups. In a particular case, the Rubin-style formula we prove recovers a p-adic Kronecker limit formula. In a disjoint case, we observe that our computations with Nekovář's heights agree with the FerreroGreenberg formula (more generally, Gross' conjectural formula) for the leading coefficient of the Kubota-Leopoldt p-adic L-function (resp., the Deligne-Ribet p-adic L-function) at s = 0.
The celebrated formula of Gross and Zagier [GZ86] expresses the first derivative at s = 1 of a Rankin L-series of a modular form f of weight 2 on Γ 0 (N) in terms of the Néron-Tate height of a Heegner point on the f -quotient A f of the Jacobian J 0 (N) of the modular curve X 0 (N). A p-adic variant of this formula has been proved by Perrin Riou [PR87] , relating the p-adic height of a Heegner point on A f to a first derivative (taken in the cyclotomic direction) the property that χ(℘) = 1 for a prime ℘ of K lying above p. The Rubin-style formula we prove here (Corollary 5.7) is akin to [Rub94, Theorem 1]. Before we state it, we introduce the necessary notation.
Suppose in this introduction that K = Q and χ is an even Dirichlet character. See §6.3 below for the case when K is a general totally real number field but χ is totally odd, and §6.4 when the base field K is totally imaginary. Let L be the field cut by the Dirichlet character χ, i.e., the fixed field of ker(χ). Let c χ 0 ∈ H 1 f (Q, T ) be tame cyclotomic unit inside of L defined as in [MR04, §6 .1], see also §3 below for a recap. Here (and below) H 1 f (K, T ) stands for the extended Selmer groups of Nekovář; for an overview (and explicit calculations specific to our case of interest, including a description of how we view the cyclotomic units as elements of the extended Selmer groups) see §2.1 and §3 below. Set T * = Hom(T, O(1)) = O(χ). Let , Nek denote Nekovář's p-adic height pairing, see [Nek06, §11] for a general definition, and also §2 below for the portion of the theory that concerns us. Attached to an arbitrary element α ∈ H 1 f (Q, T * ) and the collection of cyclotomic units ξ along the cyclotomic Z p -tower, we construct a 'p-adic L-function' L ξ,Φ in §5 below. The Rubin-style formula we prove reads as follows:
Theorem A (Corollary 5.7 below). c We remark that our formula above recovers a p-adic variant of Kronecker's limit formula with a new perspective offered by Nekovář's theory. In §6.3, we present similar results for totally odd characters χ (when the base field K is totally real). We remark for now that when K is an arbitrary totally real number field and χ is totally odd, our calculations provide a new interpretation for Gross' conjecture (and for the Ferrero-Greenberg theorem when k = Q). See Theorem 6.7 and Remark 6.10 below.
See also Remark 6.12 for a related observation when the Galois representation in question is the p-adic Tate-module of an elliptic curve E /Q which has split-multiplicative reduction at p.
The layout of the paper is as follows: In Section 2 we give an overview of Nekovář's theory of Selmer complexes and p-adic height pairings. We explicitly describe these objects in §2.2 in the cases of interest. In sections 3-5 we restrict our attention to the case K = Q and χ even, and to the case when the base field K is totally imaginary. In Section 3, we define three types of cyclotomic (p-) units which our calculations rely on. In Section 4, we calculate the p-adic height pairing on these different types of cyclotomic "units", and use our computations in Section 5 to prove a Rubin-style formula. In §6, we use this formula to compute the leading coefficients of certain p-adic L-functions in terms of Nekovář's heights.
We remark that the results of this paper are not covered by Nekovář's [Nek06] general treatment (e.g., by his variant of Rubin's formula in §11.3.15 and §11.5.10; nor by his calculations in §11.4.8). In particular, [Nek06, Remark 11.4 .10] is erroneous. It would be of interest to extend the formalism developed in [Nek06, §11.4] to cover our setting.
A line of apology: We gave a very detailed and long outline of prior results of 'Gross-Zagier type', although the conclusions of the current paper only concern a very particular (and simple) Galois representation. This is mainly because of the author's desire to translate/transform the results in other settings into the context of [Nek06] .
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1.1. Notation and Hypotheses. Fix once and for all a rational prime p > 2. For a number field K, write G K for the absolute Galois group Gal(K/K). Let O be the ring of integers of a finite extension F of Q p , and let χ denote a Dirichlet character
which has prime-to-p orderand which satisfies χ(℘) = 1 for a prime ℘ ⊂ F lying above p. In this paper, we will only 1 deal with the case K = Q or K = k, where k is a quadratic imaginary number field such that the prime p splits in k/Q.
Let L will be the fixed field of ker(χ) and let ∆ = Gal(L/K). Our assumption that χ(℘) = 1 is equivalent to saying that ℘ splits completely in L/K. Let S ℘ = {v|℘} denote the collection of places of L above ℘ (the letter "v" is reserved to stand for these places of L), and let
Fix once and for all embeddings ι ∞ : Q ֒→ C, and ι p : Q ֒→ Q p . The choice of ι p fixes a prime v 0 ∈ S ℘ .
Let Q ∞ /Q denote the cyclotomic Z p -extension of Q and let Γ = Gal(Q ∞ /Q). We write ρ cyc for the cyclotomic character ρ cyc : Γ ∼ → 1 + pZ p . Let Q n denote the unique sub-extension of Q ∞ /Q of degree p n over Q, i.e., the fixed field of Γ p n . Let Φ n be the completion of Q n at the unique prime of Q n above p, and set Φ ∞ = ∪Φ n , the cyclotomic Z p -extension of Q p . By slight abuse of notation Gal(Φ ∞ /Q p ) will be denoted by Γ as well. We fix a topological generator γ of Γ. We also set Λ = O[[Γ]] as the cyclotomic Iwasawa algebra.
When the base field K is the quadratic imaginary number field k which satisfies the assumption that p splits in k/Q, we write p = ℘℘ * with ℘ = ℘ * . Also in this case, we assume that p does not divide the class number h k of k. For an O k -ideal I, let k(I) be the ray class field of conductor I. For each n ≥ 0 we write
where H is isomorphic to Gal(k(℘)/k) by restriction. We set
1 Except in Remark 6.10, where we say how the arguments of §6.3 apply for a general totally real number field.
Then k ∞ /k is a Z p -extension and we write Γ := Gal(k ∞ /k) also when there is no danger of confusion. The extension k ∞ /k is the unique Z p -extension which is unramified outside ℘. The prime ℘ is totally ramified in k ∞ /k. Let f L ⊂ O k denote the conductor of L (which is prime to p by our assumptions on χ) and let f be a multiple of f L which is prime to p and which also satisfies the condition that the map O
Attached to a Grossencharacter ϕ of k of infinity type (1, 0) and of conductor f, there is an elliptic curve E defined over F = k(f) with the properties that
where we write F (E tor ) for the extension of K which is generated by the coordinates of the torsion-submodule E tor ⊂ E(k). For such E, we have
) for all n ≥ 0, and using this fact one obtains a canonical identification Gal(
∼ → Γ and the following isomorphisms:
The character ρ Γ will play the role of cyclotomic character when our base field K is the quadratic imaginary number field k.
For any finitely generated abelian group M endowed with a G K action, M will denote its p-adic completion Hom(Hom(M, Q p /Z p ), Q p /Z p ), and M χ will denote the χ-isotypic part of M . Also, let log p : 1 + pZ p → Z p denote the p-adic logarithm.
For a field K (with fixed separable closure K/K) and a O[[Gal(K/K)]]-module X which is finitely generated over O, we will denote the i-th cohomology (with continuous cochains) of the group Gal(K/K) with coefficients in X by H i (K, X). 
HEIGHT PAIRINGS
Let G be a profinite group (given the profinite topology) and let O be as above. Let M be a free O-module of finite type on which G acts continuously. Then M is admissible in the sense of [Nek06, §3.2] and we can talk about the complex of continuous cochains C
• (G, M) as in §3.4 of loc.cit. Let K be a number field with a fixed algebraic closure K and let S denote a finite set of primes of K which contains all primes above p, all primes at which the representation M is ramified and all infinite places of K, let S f denote the subset of finite places of S. Let K S the maximal unramified sub-extension of K/K, and let G K,S denote the Galois group Gal(K S /K). For all w ∈ S f , we write K w for the completion of K at w, and G w for its absolute Galois group. Whenever it is convenient, we will identify G w with a decomposition subgroup inside G K := Gal(K/K). We will be interested in the cases G = G K,S or G = G w . [Nek06] is to impose local conditions in the level of complexes. We go over basics of Nekovář's theory, for details see [Nek06] .
Definition 2.1. Local conditions for M are given by a collection ∆(M) = {∆ w (M)} w∈S f , where ∆ w (M) stands for a morphism of complexes of O-modules
Also set
and
We also define res
as the canonical restriction morphism.
Definition 2.2. The Selmer complex associated with the choice of local conditions ∆(M) on M is given by the complex
where [n] denotes a shift by n. The corresponding object in the derived category will be denoted by RΓ f (G K,S , M, ∆(M)) and its cohomology by
The object in the derived category corresponding to the complex C • (G K,S , M) will be denoted by RΓ(G K,S , M).
Comparison with classical Selmer groups.
For each w ∈ S f , suppose that we are given a submodule
This data which F encodes is called a Selmer structure on M. Starting with F , one defines the Selmer group as
On the other hand, as explained in [Nek06, §6.1.3.1- §6.1.3.2], there is an exact triangle 
with the obvious choice of morphisms
As in Definition 2.2, we then obtain a Selmer complex and an extended Selmer group, which we denote by H 1 f (M). Greenberg's local conditions are the only type of local conditions we will deal with from now on.
We now define the relevant Selmer structure 2 F can on M.
Definition 2.4. The canonical Selmer structure F can is given by
Hence, we obtain the following Selmer group (which is called the strict Selmer group in [Nek06, §9.6.1] and denoted by S str M (K)):
Proposition 2.3 now shows that:
Proposition 2.5. The following sequence is exact:
See [Nek06, Lemma 9.6.3] for a proof. For a general M , our definition of F can (the canonical Selmer structure) slightly differs from its original definition in [MR04] . However, for the specific Galois representation we use starting from §2.2 on, they do coincide.
. This is the main feature of Nekovář's Selmer complexes: They reflect the existence of exceptional zeros, unlike classical Selmer groups.
2.1.3. Height pairings. We now recall Nekovář's definition of height pairings on his extended Selmer groups. All the references in this section are to [Nek06, §11] unless otherwise stated.
Let M * = Hom(M, O)(1) (in Nekovář's language this is D(M)(1), the Grothendieck dual of M). Let Γ be the Galois group Gal(Q ∞ /Q) (resp., the Galois group Gal(k ∞ /k)) and ρ be the cyclotomic character ρ cyc (resp., the character ρ Γ ) when the base field K is Q (also more generally, when K is a totally real number field) (resp., when K is the quadratic imaginary number field k). The height pairing
is defined in two steps:
(i) Apply the Bockstein morphism
See §11.1.3 for the original definition of β. Let β 1 denote the map induced on the level of cohomology:
Here the subscript PT stands for Poitou-Tate, and the global pairing comes from summing up the invariants of the local cup product pairing, see [Nek06, §6.3] for more details.
Just as for other height pairings, universal norms are in the kernel of Nekovář's height pairing:
Proposition 2.7 ([Nek06, Proposition 11.5.7 and §11.5.8]). [Nek06, §8] (particularly §8.6) for details.
The classical case:
In this section we explicitly calculate both the classical Selmer groups and the extended Selmer groups associated with the representations T = O(1) ⊗ χ −1 and T * = O(χ), viewed as a representation of G K . We keep the notation of §2.1. Let S = {q : q | pf χ ∞} be a set of places of K. We set
Lemma 2.8.
(ii) The sequence
Proof. Immediate from Proposition 2.5.
Remark 2.9. For our particular Galois representation T , the Selmer group
It follows from [Rub00, Lemma I.3.5(iii)] that
, hence it follows that the canonical Selmer group of [MR04] is given by
This shows that our definition of the canonical Selmer group given by (2.1) agrees with the definition of [MR04] .
Proof. The first part follows from Remark 2.9 and [MR04] Equation (25). For the second part, observe that H 1 Fcan (Q, T * ) is contained in the submodule of unramified homomorphisms inside
where the equality is obtained from the inflation-restriction sequence. In other words,
where
Suppose that χ(℘) = 1 for a prime ℘ ⊂ K lying above p, and suppose χ(℘) = 1 for any other ℘ ′ ⊂ K above p.
Corollary 2.11. Keep the notation above.
We suppose until the end of this paper that (H) χ(℘) = 1 for a prime ℘ ⊂ K lying above p, and that χ(℘) = 1 for any other ℘ ′ ⊂ K above p.
It follows from Corollary 2.11 that H 1 f (Q, T * ) is a free O-module of rank one. Furthermore, it follows from the proof of [Rub00, Proposition III.2.6(ii)] that we have
since we assume (H). When K = Q and χ is an even character, it follows from [MR04, Theorem 5.2.15] that the core Selmer rank of the canonical Selmer structure (in the sense of Definition 4.1.11 of loc.cit., see also Corollary 5.2.6 of loc.cit.) is 2 (since we assumed χ is even and χ(p) = 1);
is a free O-module of rank 2. We will later describe an explicit
When K is totally real and and χ is totally odd, then
is a free O-module of rank one (resp., of rank zero) and hence
Proposition 2.12. For any
Proof. This is just a restatement of the definition of Nekovář's height pairing we gave in § 2.1.3.
CYCLOTOMIC UNITS
Throughout §3, our base field K is Q and χ is an even, non-trivial Dirichlet character with the property that χ(p) = 1. In this section, we define three different types of special elements which will be crucial in what follows: Tame cyclotomic units, wild cyclotomic units and Solomon's wild cyclotomic p-units defined as in [Sol92] .
Fix a collection {ζ m : m ≥ 1} such that ζ m is a primitive m-th root of unity and ζ n mn = ζ m for every m and n. Let denote the conductor of χ, and recall the Kummer map which induces an inclusion
for every finite abelian extension F of Q.
Definition 3.1. For every n prime to p, define
The collection c = {c For every finite abelian extension F of Q of conductor m, define ξ F = N Q(µmp)/F (ζ mp − 1). Here and elsewhere in this paper, the symbol N stands for the norm map.
Let Q ∞ be the cyclotomic Z p -extension of Q, and Q n be its unique sub-extension of degree p n over Q. We set L n := LQ n . Note that the collection {ξ F } satisfies the Euler system distribution relation, in particular the collection {ξ Ln : n ≥ 1} is norm-coherent.
Definition 3.2. The collection
is called the wild χ-cyclotomic units. When χ is understood, this collection will be called the collection of wild cyclotomic units.
3.1. Cyclotomic units and 'exceptional zeros'. From our assumption that χ(p) = 1, it follows that p splits completely in L. −→ T ⊗ Λ −→ T −→ 0 induces a long exact sequence of cohomology (where we have the zero on the left thanks to our assumption that χ is non-trivial) 
Remark 3.5. Just as we did above, one could have obtained an element 
The attentive reader will notice that Solomon's construction is carried out without taking χ-parts. However his arguments apply on the χ-parts verbatim. In fact, it is easy to see that the p-unit κ χ constructed below is simply the χ-part of the p-unit κ which Solomon constructs in [Sol92, §2].
Thus, from our definition of z
Applying N Ln/L on both sides of this equality we see that
Solomon proves (and (3.2) above shows as well) that
and he defines
This is what he calls the cyclotomic p-unit. By (3.
is called the collection of wild cyclotomic p-units.
3.3. Local Tate duality. In this section we give a review of well-known results from local duality which we will need later in §4. For each n ≥ 0, we have the local Tate pairing
induced from cup-product pairing composed with the invariant isomorphism, see [Nek06, §5.1- §5.2] for more details. This induces a map
thus, in the limit a map (using [Col98, Proposition II.1.1] once again)
Definition 3.8.
(1) Let L ξ be the image of ξ under the compositum
(2) Let L ′ ξ be the image of z χ ∞ under the compositum
Remark 3.9. For n ≥ n ′ we have a commutative diagram
where res * is induced from the restriction map
We therefore have a commutative diagram
COMPUTATION OF THE HEIGHT PAIRING
Throughout §4, our base field K is Q and χ is an even, non-trivial Dirichlet character with the property that χ(p) = 1. In this section we calculate the height pairing on the cyclotomic unit c χ 0 . Note that, in view of Remark 3.7, Proposition 2.7 and the fact that z
is a universal norm (by its definition), this gives the only non-trivial output of the machinery we described in §2 we could hope for. 
and β χ the compositum by setting log p (p) = 0. We extend log p by linearity to define an O-module homomorphism
Proof. The second equality is the main calculation of [Sol92] , hence it suffices to check the first claimed equality. This assertion is essentially [BG03, Proposition 9.3(ii)]. In fact, the statement of loc.cit. is that β χ (c χ 0 ) = ξ χ e χ v|p log p (σ v (c 0 )) · v , where the equality takes place in O. Furthermore, we have the following brute-force calculation:
where v δ is the place obtained by the action of δ ∈ ∆ on the set of places {v : v|p}; and we have the final equality by the O-linearity of log p , and the forth equality thanks to the following commutative diagram:
We further have,
where the second equality holds thanks to (4.1) and the third because (c
. Putting all this together (and noting that σ v 0 L = ι p L by definition), we conclude that 
Let α(v 0 ) denote the image of α under the compositum of the maps (4.2). 
Lemma 4.4. Suppose x ∈ H
Here, (a, b) := ab ∈ O for a, b ∈ O, and the vertical isomorphisms between first two rows come from the Hochschild-Serre spectral sequence.
The following Proposition is key to our main results. 
We explain the arrows in (4.3): The arrow on the left is the canonical injection
followed by the canonical restriction map loc p . The extended Selmer group H 
RUBIN'S FORMULA
Throughout §4, our base field K is Q and χ is an even, non-trivial Dirichlet character with the property that χ(p) = 1. In this section we complete our main computation, using the calculations carried out in §4. Starting with α ∈ H 1 f (Q, O(χ)) as above, we first wish to define an element φ α
Here we recall that G v = Gal(Q p /L v ) and ξ χ −1 is the projection onto the v 0 -coordinate as in §4. In the equalities above, we are again using an identification coming from HochschildSerre spectral sequence, along with the fact that
is the group of continuous homomorphisms and we have Let r χ −1 denote the following compositum:
where ξ χ is the projection onto the v 0 -coordinate as above, and L × v stands for the p-adic completion of the multiplicative group L × v . We note that r χ −1 (loc p (z
is as in the introduction and loc p :
is the canonical restriction map, as usual. We then have a commutative diagram
denote the local reciprocity map. Let further
denote the projection of a v to the Galois group of the maximal unramified extension of L v . We also write a v (resp., a
. By the very definition of the local Tate pairing,
where we have the second equality because φ v 0 α is unramified by construction. Write
and this equals, by the definition of φ Next, we relate the right hand side of the statement of Theorem 5.1 to a special value of a p-adic L-function (that we call L ξ,Φ ) which we construct below.
Let Φ ∞ denote the cyclotomic Z p -extension of Q p := Φ 0 , and let Φ n denote the unique
where the inverse limit is taken with respect to norm maps. We may identify Gal(Φ ∞ /Q p ) naturally by Γ = Gal(Q ∞ /Q). Let γ be a topological generator for Γ and let
and the map above is simply the reduction map modulo γ − 1. Hence, the cokernel of this map is
which is trivial (by local duality). Thus we have an exact sequence
as well, hence the lemma is proved. By Lemma 5.2, it is possible to choose Φ = {φ
Definition 5.3. Attached to ξ and Φ, define an O-valued measure µ ξ,Φ on Γ as follows:
The fact that µ ξ,Φ is a distribution follows from the fact that the collection {Φ
We define the "p-adic L-function" associated to ξ and Φ by setting
for each character η : Γ → Z × p . Let 1 1 1 be the trivial character, and ρ cyc : Γ → 1 + pZ p be the cyclotomic character. We define the derivative at the trivial character 1 1 1 as
We also define P ξ,Φ ∈ Λ to be the power series associated with the measure µ ξ,Φ .
Remark 5.4. Define
For the powers ρ s cyc : Γ → 1 + pZ p of the cyclotomic character, observe that
Here, τ ∈ Γ stands for an arbitrary lift of τ ∈ Γ/Γ p n , and it is not hard to see that the limit above does not depend on the choice of these lifts although each sum does depend on this choice. We therefore see that ρ
Remark 5.6. Note that the left hand side of the equality in Proposition 5.5 depends only on φ α , not on its lift Φ; whereas the right hand side depends a priori on Φ. Hence Proposition 5.5 shows in particular that L ′ ξ,Φ (1 1 1) does only depend on φ α , and not on the lifting Φ.
The proof of Proposition 5.5 will be completed in a few steps, all of which are essentially borrowed from [Rub94] with minor alterations.
As the notation suggests, this definition only depends only on µ, not on the lift µ µ µ. This fact will follow from Lemma 5.9 below (where we also prove that the limit above exists).
Proof. Fix n and to ease notation, set L = L ξ
Note that the claim of the Lemma is equivalent to showing that
It is easy to see that
hence it follows that
where we have the final equality because L H 1 (Φ 0 ,T * ) = 0 by Lemma 3.3. This is equivalent to saying that
Consider the map
Note that both of the sides of above are finite and the map N * is injective by Lemma 5.2. Claim below proves that there is an isomorphism
which in turn implies that N * is surjective as well:
Proof of the Claim: By slight abuse, we let γ denote a generator of G. Then, an element ψ ∈ Hom(H 1 (Φ n , T * ), O/p n O) is fixed by G if and only if
where the very last isomorphism comes from Lemma 5.2.
We are now ready to complete the proof of Lemma 5.9. It follows from our conclusion that N * is surjective that there exists g ∈ Hom(
This is exactly the statement of (5.6).
Remark 5.10. As in the remark following Lemma 3.1 of [Rub94] , one can check that
Here the equality takes place in Hom (H 1 (Φ 0 , T * ), O). Note that the term involving the p-adic logarithm in loc.cit. does not appear here because we have already normalized z χ ∞ by the factor log p ρ cyc (γ). 
On the other hand d ds ρ
p-ADIC L-FUNCTIONS AND NEKOVÁŘ'S HEIGHT PAIRING
In this section, we obtain a formula for the leading term of an imprimitive Kubota-Leopoldt p-adic L-function in terms of Nekovář's height pairing, much in the spirit of a p-adic GrossZagier formula, using the Rubin-style formula we proved above. This in particular suggests a new interpretation of the classical p-adic Kronecker limit formula (c.f., [Was82, Theorem 5 .18], [dS87, §2.5]) and the formula of Ferrero-Greenberg [FG78] .
6.1. p-adic L-functions. In this section, we give an overview of the well-known construction of the Kubota-Leopoldt p-adic L-function (resp., Katz's two variable p-adic L-function) using cyclotomic units (resp., elliptic units).
Cyclotomic units and the Kubota
tors denote the Teichmüller character giving the action of G Q on the p-th roots of unity µ µ µ p . Fix an embedding O ֒→ Q p ֒→ C so that one can identify complex and p-adic characters of finite order of G Q . Via this identification, a character ρ of Γ of finite order naturally extends to an O-algebra homomorphism ρ : Λ → Q p .
For a character ρ : G Q → O ֒→ C of finite order, let L(s, ρ) denote the associated Dirichlet L-series .
Definition 6.1. Attached to an even Dirichlet character ψ of G Q , there is an element L ψ ∈ Λ such that for every k ≥ 1 and every character ρ of finite order of Γ,
See [Was82, Theorem 7.10]. The element L ψ is called the p-adic L-function attached to ψ.
Remark 6.2. Starting from L ψ above, one may construct a function L p (s, ψ) which is analytic for all s ∈ Z p (except at s = 1 if ψ is the trivial character) by setting
Recall that L n = LQ n and L ∞ = LQ ∞ . For a prime p, let U n,p denote the local units inside (L n ) p . Let U n := p|p U n,p be the group of semi-local units and let
By Kummer theory, we have an identification
where we recall that A denotes the p-adic completion of an abelian group A and when A is endowed with an action of Gal(L/Q), we write A χ for the χ-part of A. Define U ∞ = lim ← −n U n and V ∞ = lim ← −n V n , where the inverse limits are taken with respect to the norm maps. The identifications (6.1) above then gives in the limit
Coleman introduced in [Col79] a useful tool which as an input takes a norm coherent sequences in a tower of local fields and gives as an output a power series. More precisely, Coleman defines a Λ-module homomorphism
with the property that
ψ is the norm coherent sequence of cyclotomic units along the tower of fields {L n } n≥0 . Let γ be a topological generator of Γ as fixed above. If the character ψ is unramified at p, then col ψ ∞ extends uniquely to a homomorphism (6.5) col
See [Sol92, §3] , [Gre92, §2] and [Tsu99, §4] for a detailed description of Coleman's map. We define using (6.5) (6.6) col
where z ψ ∞ ∈ V ψ is the collection of wild cyclotomic p-units.
Elliptic units and Katz's p-adic L-function.
Let O be the completion of the ring of integers of the maximal unramified extension of F and let k be a quadratic imaginary number field such that p splits in k/Q. Write p = ℘℘ * with ℘ = ℘ * . We adapt the notation and hypotheses from §1.1, in particular, k ∞ is the unique Z p -extension of k which is unramified outside ℘ and Γ = Gal(k ∞ /k). Write k(f℘ ∞ ) = n≥0 k(f℘ n+1 ) and let
be the character whose construction is sketched in §1.1; and let ρ Γ be its restriction to Γ. We may similarly define ρ * E , Γ * and ρ Γ * by replacing ℘ by ℘ * . Set G = Gal(k(fp ∞ )/k(f)) and
We denote the Grossencharacter character attached to the elliptic curve E also by ρ E , which should cause no confusion since these two characters are related in a manner described in [Wei56] . For a Grossencharacter ψ of k of type A 0 (in the sense of [dS87, §II.1]) and an integral ideal m ⊂ k, the Hecke L-series of ψ (with modulus m) is the complex valued function L ∞,m (ψ, s) = ψ(a)Na −s , where a runs over all integral ideals relatively prime to m. Let d k ∈ Z − be the discriminant of K. As before, let χ : G k → O × be a Dirichlet character and let Ω be the positive real period of a global minimal model of E. For notational simplicity, write ρ = ρ E and ρ * = ρ * E . The following theorem describes the 2-variable ℘-adic L-function, first constructed by Katz [Kat76] and Manin and Vishik.
See [dS87, Theorem II.4.14] for details (e.g., for a definition of G(ǫ)) and for the proof.
In this paper, we are only interested in the restriction
Let k n be the unique sub-extension of k ∞ /k and write L n = Lk n . For a prime q, let U n,q be the local units inside (L n ) q , and let U n = q|℘ U n,q be the group of semi-local units. Set U ∞ = lim ← −n U n . As in §6.1.1, we consider Coleman's map 
This fact has been first proved by Coates and Wiles [CW78] . For the 2-variable version of (6.8), see [Yag82] and [dS87, §IV].
6.2. Height computations for the base field Q: The case χ is even. Let χ be an even Dirichlet character as before. Recall that Φ n = (Q n ) p , and recall also the fixed place v 0 of L which is induced from the embedding ι p : Q ֒→ Q p . Write v 0 for the unique place of L n which lies above v 0 and define L n = (L n ) v 0 . In this section, we construct a particular collection
starting from col χ ∞ , which we use together with Corollary 5.7 to prove a formula for the leading term of an imprimitive Kubota-Leopoldt p-adic L-function.
By [Col98, Proposition II.1.1] and by local duality, we have
which is free of rank one as an O-module.
Note in particular for n = 0 that the map
1 (Q p , T ) using Lemma 6.4) is unramified since it factors through the universal norms by construction, and since the submodule of universal norms does not contain any local units.
be a uniformizer and set α(v 0 ) = col χ 0 (̟ v 0 ) ∈ O. Note that this is well defined thanks to the discussion in the preceding paragraph. Let col χ 0 ∈ H 1 f (Q, T * ) be the element which maps to α(v 0 ) under the compositum of the isomorphisms (4.2). Furthermore, one may verify without difficulty that the collection Φ is norm-coherent and hence we may apply the Rubin-style formula (Corollary 5.7) to deduce the following: Proof. As in §5, let µ ξ,Φ be the measure on Γ attached to ξ = ξ χ ∞ and Φ as above, let P ξ,Φ ∈ Λ be the associated power series and let L ξ,Φ (η) denote the 'p-adic L-function' on the characters η : Γ → Z × p . We then have
We therefore see that Remark 6.6. When χ is an even character with χ(p) = 1, the exceptionality that Nekovář's extended Selmer groups detect are not due to an honest exceptional zero of the associated Kubota-Leopoldt p-adic L-function, but rather due to the fact that the extended Selmer groups correspond to an imprimitive p-adic L-function. On the other hand, if one succeeds in proving a Rubin-style formula in this setting 4 , then one in turn would obtain an alternative proof of Gross' conjecture.
6.4. Height computations for a totally imaginary base field k. We keep the notation from §6.1.2. Every Dirichlet character χ of G k behaves like an even character and the results we presented in §5 and §6.2 extend to this case without an extra effort. Replacing the cyclotomic units by elliptic units, and the results of [BG03] by that of [Ble06] ; the results of [Sol92] by that of [Ble04] , one may prove the following formula: Remark 6.12. Suppose E /Q is an elliptic curve and only in this remark, let T = T p (E) be the p-adic Tate-module of E. Let L p (E, s) denote the Mazur-Tate-Teitelbaum p-adic L-function attached to E. Assume that E has split multiplicative reduction at p. In this case, L p (E, s) has an exceptional zero at s = 1 which is forced by the interpolation property. The Mazur-TateTeitelbaum conjecture (now a theorem of Greenberg and Stevens [GS93] ) asserts that
where L E is the L-invariant, L(E, 1) is the value of the Hasse-Weil L-function at s = 1 and Ω + E is the real period of E. Let , Tate : H 1 (Q p , T ) ⊗ H 1 (Q p , T * ) −→ Z p denote Tate's local cup-product pairing. M. Kurihara has kindly explained us how one may interpret the quantity on the right in (6.16) as the local Tate pairing calculated on Kato's zetaelement Z 0 ∈ H 1 (Q p , T ) and another special element α ∈ H 1 (Q p , T * ) (which we do not define here). Using this observation, Kurihara was able to give another proof of the MazurTate-Teitelbaum conjecture (6.16).
If one succeeds in proving a Rubin-style formula in this setting, one could globalize Kurihara's calculation with Kato's zeta-element Z 0 and the element α, so as to obtain a p-adic Gross-Zagier formula in the presence of an exceptional zero, in the spirit of [BD96, BD97] .
